Abstract. In this paper the space of commuting elements in the central product G m,p of m copies of the special unitary group SU (p) is studied, where p is a prime number. In particular, a computation for the number of path connected components of these spaces is given and the geometry of the moduli space Rep(Z n , G m,p ) of flat principal G m,p -bundles over the n-torus is completely described for all values of n, m and p.
Introduction
Let G be a compact Lie group. The space of homomorphisms Hom(Z n , G) can be identified with the space of commuting n-tuples in G, topologized as a subspace of the cartesian product G n . The quotient Hom(Z n , G)/G under the conjugation action by G is the moduli space of isomorphism classes of flat principal G-bundles over the n-torus (S 1 ) n . In the past few years there has been an increasing interest in understanding these spaces, especially in computing their number of connected components and their cohomology groups as they naturally appear in a number of quantum field theories such as Yang-Mills and Chern-Simons theories.
In [6] the space of commuting elements in a Lie group G was analyzed by considering the space of almost commuting elements in the universal cover of G. In particular it was shown that Rep(Z n , G) := Hom(Z n , G)/G is determined by the geometry of G and explicit formulations were given for n = 2 and n = 3; indeed the main focus there was to describe the associated moduli spaces of bundles over S 1 × S 1 and S 1 × S 1 × S 1 .
On the other hand, in [1] the spaces Hom(Z n , G) were studied from a homotopical point of view. In particular, it was shown that if G is a closed subgroup of GL(n, C), then there exists a natural homotopy equivalence after a single suspension (1) Θ n : Σ(Hom(Z n , G)) ≃ where S r (G) ⊂ Hom(Z r , G) is the subspace of r-tuples (x 1 , ..., x r ) ∈ Hom(Z r , G) for which at least one of the x i equals 1 G . In [2] , the authors show that a similar decomposition to (1) also holds for the space of almost commuting elements in a compact Lie group G and that the corresponding map Θ n is actually a G-equivariant homotopy equivalence thus affording a stable decomposition for the associated spaces of representations.
Based on these stable homotopy equivalences it seems natural to explore situations where the geometric description of the moduli spaces associated to commuting pairs and triples provided in [6] , can be extended to arbitrary commuting n-tuples. In particular it can be seen that if the maximal abelian subgroups in G are path connected, then all of the spaces Hom(Z n , G) are path connected. However, if the fundamental group of G has p-torsion, then it is known (see [5] , page 139) that there is a subgroup Z/p × Z/p ⊂ G which is not contained in a torus and so the spaces of commuting n-tuples cannot be path-connected. Thus it is natural to consider examples where π 1 (G) ∼ = Z/p.
In this paper the spaces of the form Hom(Z n , G m,p ) are studied, where
is an m-fold central product of SU(p), for a prime p. Thus these are natural examples of compact Lie groups having a fundamental group of prime order. The study of almost commuting elements in SU(p) m provides a way to compute the number of connected components of Hom(Z n , G m,p ). In addition, the structure of the components can be explicitly described. The following theorem summarizes these results: Theorem 1.1. For n ≥ 1 and p a prime number, the space Hom(Z n , G m,p ) has
connected components. The connected component containing (1, ..., 1) is a quotient of, and has the same rational cohomology as,
whereas all the other connected components are homeomorphic to
where E p ⊂ SU(p) is the quaternion group Q 8 of order eight when p = 2 and the extraspecial p-group of order p 3 and exponent p when p > 2.
In particular, when m = 1 this shows that the space Hom(Z n , P U(p)) of commuting n-tuples in P U(p) has
connected components. Moreover, all of these components but one are homeomorphic to SU(p)/E p , where E p is the extraspecial p-group of order p 3 mentioned above. When p = 2, there is a homeomorphism P U(2) ∼ = SO(3) and this result agrees with a computation given in [7] . The situation for a general integer r is much more complicated, but for pairs of commuting elements the following can be established: Proposition 1.2. The space Hom(Z 2 , P U(r)) has r-connected components. Of these ϕ(r) are homeomorphic to P U(r)/(Z/r) 2 , where ϕ denotes the Euler phi function.
Taking a quotient by the conjugation action of G n,p yields the following description of the moduli space of isomorphism classes of flat principal G m,p -bundles over an n-torus:
where X n,m,p is a finite set with N(n, m, p) − 1 points.
As can be expected, these quotient spaces are much simpler than the spaces of homomorphisms lying above them, which can contain interesting geometric information which is lost modulo conjugation; suffice it to say that for n = 1 this is the difference between the group G m,p and its quotient under conjugation T /W where T ⊂ G m,p is a maximal torus with Weyl group W . Also, it's worth noting that the components which do not correspond to the identity element deserve special attention, as they are somewhat exotic.
It also seems relevant to point out that the central products considered here arise as subgroups of some of the exceptional Lie groups. For example
and they give rise to subgroups of the form (Z/p) 3 which are not contained in the maximal tori, thus explaining the torsion in the cohomology of the classifying spaces of these exceptional groups (see [5] , pages 153-154) even though they are simply connected. It would seem that the results here could be applied to provide information about Rep(Z n , G), where G is one of these groups.
Notation: From now on, for a prime number p, E p denotes the quaternion group Q 8 of order eight when p = 2 and the extraspecial p-group of order p 3 and exponent p when p > 2. Note that this group can be identified with the p-Sylow subgroup of SL 3 (F p )). Also, given an integer m ≥ 1,
here ∆(Z/p) is seen as a subgroup of SU(p) m by considering the diagonal map
Thus G m,p is the m-fold central product of SU(p).
Almost commuting elements
In this section the definition of almost commuting elements is given. The space of K-almost commuting elements in a Lie group G can be used to understand the space Hom(Z n , G/K) for a closed subgroup K ⊂ Z(G). This point of view is similar to the general idea of studying a given topological space X by understanding different covering spaces p :X → X over X.
The motivation for considering almost commuting elements is as follows. Consider the space Hom(Z n , H), where H can be written in the from H = G/K, for a Lie group G and a closed subgroup K ⊂ Z(G). In this case, the natural map f : G → G/K is both a homomorphism and a principal K-bundle. If x = (x 1 , ..., x n ) is a sequence of elements in G/K that commute, then for any liftingx i of x i the commutator [x i ,x j ] ∈ K ⊂ Z(G) and the space of all such sequences can be used to study the Hom(Z n , G/K).
More generally, let F n be the free group on n-letters. For each q ≥ 1, let Γ q denote the q-stage of the descending central series for F n . The groups Γ q are defined inductively by setting Γ 1 = F n and Γ q+1 = [Γ q , F n ]. As in [3] , let
In [3] , it is shown that the spaces B n (q, G) form simplicial spaces and can be used to obtain a filtration
The spaces B(q, G) have many interesting features and a lot of work needs to be done to fully understand them. The following is an immediate generalization of the spaces B(q, G). Definition 2.2. Given a compact Lie group, K ⊂ Z(G) a closed subgroup and q ≥ 1 define
The set B n (q, G, K) can be regarded as a topological space by identifying it naturally with a subspace of G n . The following simple lemma is proved in [2] .
Lemma 2.3. Let G be a Lie group, K ⊂ Z(G) is a closed subgroup and q ≥ 1. Then the restriction of the map f n :
When q = 2, B n (2, G, K) is precisely the space of K-almost commuting elements in G and thus the restriction of f n gives a G-equivariant principal Hom(
Following [6] , the spaces B n (2, G, K) can in general be decomposed as follows. Take x = (x 1 , ..., x n ) a K-almost commuting n-tuple in G and let
is an antisymmetric matrix with entries in K ⊂ Z(G) and the assignment x → d ij (x) is continuous. Consider π 0 : K → π 0 (K) the map that identifies the connected components of elements in
Definition 2.4. Define T (n, π 0 (K)) to be the set of all n × n antisymmetric matrices C = (c ij ) with entries in π 0 (K). Given C ∈ T (n, π 0 (K)) define
the set of almost commuting sequences in G with associated matrix C and give AC G (C) the subspace topology of G n .
Each AC G (C) is (a possibly empty) open and closed subspace of G n , hence a union of connected components of B n (2, G, K) and by definition
In addition, the conjugation action of G on G n , restricts to an action of G on each AC G (C). As in [6] denote the orbit space of AC G (C) under this action by
is both open and closed in Hom(Z n , G/K) and thus a union of connected components. Also the restriction of f n defines a principal K n -bundle
and there is a decomposition
The previous decomposition is a good way to detect connected components for spaces of the form Hom(Z n , G/K) and this is used to compute the number of connected components of Hom(Z n , G m,p ) in the next section.
Commuting elements in G m,p
In this section the space of commuting elements in G m,p is studied. This is done by considering the K-almost commuting elements in SU(p) m where
m . In this case, there is a covering space f :
with covering group ∆(Z/p) and by studying almost commuting
In particular, the number of connected components is computed. The main goal of this section is to prove the following theorem.
Theorem 3.1. For n ≥ 1 and p a prime number, the space Hom(Z n , G m,p ) has
and all the other connected components are homeomorphic to
where E p is the quaternion group Q 8 of order eight when p = 2 and the extraspecial p-group of order p 3 and exponent p when p > 2.
Remark: A particular case of the previous theorem occurs when m = 1. In this case, G 1,p = P U(p) and according to the theorem Hom(Z n , P U(p)) has
of these components are homeomorphic to SU(p)/E p . On the other hand, the number x n of connected components of Hom(Z n , SO(3)) that do not contain the element (1, ..., 1) was computed in [7] , where it was shown that
Note that in Theorem 3.1 the case p = 2 and m = 1 corresponds to
which is precisely the situation already studied [7] . It is easy to verify that
and thus the two approaches give the same answer. Moreover in [7] it was also shown that each connected component that does not contain (1, ..., 1) is homeomorphic to S 3 /Q 8 which is precisely SU(2)/E 2 .
The proof of Theorem 3.1 will take the rest of this section. IfG m,p = SU(p) m , then there is a covering space
with covering group ∆(Z/p). According to (2) there is a decomposition
where each Hom(Z n , G m,p ) C fits into a covering space sequence
From now on C 1 will denote the trivial matrix whose entries are all equal to 1. For this particular matrix, ACG
and this space fits into a covering space sequence
and the space Hom(Z n , SU(p)) is connected by [1, Corollary 2.4]. Thus Hom(Z n , G m,p ) C 1 is also connected as it is the image of the connected space Hom(Z n , SU(p) m ) under a continuous function and
On the other hand, if G is a compact connected Lie group G and T is a maximal torus for G, the conjugation action of G induces a continuous surjection
where Hom(Z n , G) (1,...,1) denotes the connected component containing the n-tuple (1, ..., 1) in Hom(Z n , G). Note that N(T ) acts on G × T n diagonally and that φ n is invariant under this action. Therefore φ n descends to a map
where the W is the Weyl group. In fact G × N (T ) T n is a nonsingular real algebraic variety andφ n is a resolution of singularities for Hom(Z n , G) (1,...,1) as was pointed out in [4] .
given a field F of characteristic relatively prime to |W |, the mapφ n induces an isomorphism
For the case of
and that
for every field F with characteristic not dividing p!. Now consider the different spaces Hom(Z n , G m,p ) C for C = C 1 ; recall that each space Hom(Z n , G m,p ) C is a union of connected components of Hom(Z n , G m,p ). In this case, these components will be shown to be homeomorphic to (
The following notation will be used. Given an element c ∈ ∆(Z/p), C(c) denotes the 2 × 2 antisymmetric matrix with entries in ∆(Z/p) defined by c 11 = c 22 = 1 ∈ ∆(Z/p) and c 12 = c The following proposition is then proved using the previous lemma. 
and this implies
On the other hand, there is a covering space sequence
In particular Hom(Z 2 , G m,p ) C(c) is connected and
The map (∆(Z/p)) 2 → AC SU (p) m (C(c)) in (9) corresponds to the left multiplication action of (∆(Z/p)) 
It follows then that Hom(Z
and thus E 2 = Q 8 . When p > 2, the subgroup E p of SU(p) generated by c, x o and y o has the presentation
and this is easily seen to be the extraspecial p-group Syl p (SL 3 (F p )). The group K p fits into a central extension 
and there are precisely p elements c ∈ ∆(Z/p). Therefore
It follows from the previous proposition that N(2, p) = p. Moreover, from the previous proof it follows that the conjugation action of G m,p is transitive on each of the components. To study the general situation, the case n = 3 will also be needed. Once this case is dealt with, the general case will be proved by induction on n.
The case n = 3 is once again handled by studying the different spaces AC SU (p) m (C) for C ∈ T (3, Z(SU(p))) − {C 1 }. To begin consider C ∈ T (3, ∆(Z/p)) − {C 1 } the following particular matrix 
where C(c) is as before. From the covering space sequence (4)
In particular, Hom(Z 3 , G m,p ) C has p m−1 connected components all homeomorphic to
This completely describes Hom(Z 3 , G m,p ) C for C as in (10). Note that in this case, the conjugation action of G m,p is again transitive on each of the components of Hom(Z 3 , G m,p ) C . Now, to understand the different Hom(Z 3 , G m,p ) C for a general C ∈ T (3, ∆(Z/p)) − {C 1 } the following general construction will be used (see [6, Section 9] ). Take G a Lie group , K ⊂ Z(G) a closed subgroup and M = (m ij ) an n × n matrix with integer entries. For each C ∈ T (n, π 0 (K)) define D = ψ M (C) ∈ T (n, π 0 (K)) to be the n × n antisymmetric matrix with coefficients
The matrix M defines a continuous map
If the matrix M is in GL(n, Z), then the map ψ M is a homeomorphism and the pair (ψ M ,ψ M ) is an isomorphism of covering spaces.
The previous construction is then used for the particular case of m = 1 to prove the following lemma that determines the structure of the commuting elements in G m,p for n ≥ 3. Clearly M ∈ GL(3, Z) and if C ∈ T (3, Z/p) is the antisymmetric matrix defined by
then as explained before M induces a homeomorphism
Since C is of the type already discussed, by (11) with m = 1 it follows that
where C(c) as before. Note that [x i , y i ] = c = 1 and by Lemma 3.2 all such pairs are conjugate in SU(p). Therefore, every element in AC SU (p) (C) is of the form (gx i g −1 , gy i g −1 , w) for some g ∈ SU(p) and some w ∈ Z(SU(p)). In particular, since ψ M is surjective there are g i ∈ SU(p) and w i ∈ Z(SU(p)) such that
and the result follows.
Suppose now that D ∈ T (3, ∆(Z/p)) is not trivial; that is, d ij = 1 for some i and j. The following corollary is obtained from the previous lemma, this result is precisely [6, Lemma 9.03] in our context. By the previous discussion, if D ∈ T (3, ∆(Z/p)) is any nontrivial 3 × 3 antisymmetric matrix with entries in ∆(Z/p) there are matrices M ∈ GL(3, Z) and C ∈ T (3, Z(SU(p))) as in the previous lemma. Then ψ M andψ M are homeomorphisms that fit in the following commutative diagram of covering spaces
In particular,
and each Hom(Z 3 , G m,p ) D has p m−1 connected components. Since there are p 3 − 1 nontrivial elements in T (3, ∆(Z/p)), this shows that in total there are
connected components for Hom(Z 3 , G m,p ). This proves the following proposition which is the case n = 3 of Theorem 3.1. 
The final step is the proof of Theorem 3.1.
Proof of Theorem 3.1. Fix p a prime number. The proof of the theorem goes by induction on n. For n = 1 the theorem is trivial and for n = 2 and 3 the theorem follows by the Propositions 3.3 and 3.6. Assume then that n ≥ 3. To determine the value of each N(n, m, p) it will be shown that the different N(n, m, p)'s satisfy the recurrence equation
Once this is proved, by induction it follows that
By (3) the space Hom(Z n , G m,p ) is a disjoint union of the different Hom(Z n , G m,p ) C , where C runs through the elements in T (n, ∆(Z.p)). The different possibilities for elements C ∈ T (n, ∆(Z/p)) are considered next.
• Case 1. Suppose that C = C 1 ∈ T (n, ∆(Z/p)) is the trivial matrix whose entries are all equal to 1. In this case the space Hom(Z n , G m,p ) C 1 is connected as was pointed out before.
• Case 2. Suppose that C ∈ T (n, ∆(Z/p)) − {C 1 } is such that c 1,i = 1 for all i. Because C is not trivial there exist 2 ≤ i, j ≤ n such that c i,j = 1. Take (x 1 , ..., x n ) ∈ AC SU (p) m (C). Since c 1,i = 1, it follows that that x 1 commutes with x i for all i. Also, [x i , x j ] ∈ ∆(Z/p) − {1} and thus
, whereC is the (n − 1) × (n − 1) matrix obtained from C by deleting the first row and column from C. In this case
By induction each connected component of Hom(Z n , G m,p ) C is homeomorphic to
with G m,p acting transitively by conjugation. In addition, each matrix C of the type considered in this case determines and is uniquely determined by the correspondingC which is non trivial. It follows that there are p m−1 (N(n − 1, m, p) − 1) connected components associated to this case.
• Case 3. Suppose that C ∈ T (n, ∆(Z/p)) is such that c 1i = 1 for some i. Then 2 ≤ i ≤ n as c 11 = 1. Let i be the smallest i with c 1i = 1 and let c = c 1i ∈ ∆(Z/p) and take (x 1 , ..., x n ) ∈ AC SU (p) m (C). For each 2 ≤ k ≤ n with k = i consider the triple (x 1 , x i , x k ). This is an almost commuting triple with [x 1 , x i ] = c = 1. By Lemma 3.4, if
Note that the integers a k and b k are uniquely determined by the condition 0 ≤ a k , b k < p and these are in turn uniquely determined by c 1k , c ik . It follows that the n-tuple (x 1 , ..., x n ) is uniquely determined by (x 1 , x i ), c 1,k , c i,k ∈ ∆(Z/p) and w k ∈ Z(SU(p) m ) for k = 1, i. Moreover, if as before C(c) is the 2 × 2 matrix
is a homeomorphism where
The map ψ is SU(p)
m -equivariant, with SU(p) m acting by conjugation. By passing to the quotient of the respective (∆(Z/p)) n actions, it follows that ψ induces a homeomorphism
By the case n = 2, each connected component of Hom(Z n , G m,p ) C is of the desired type and there are p (m−1)(n−2) such components associated to C. It also follows that G m,p acts transitively on each of these components. Moreover, C is uniquely determined by c = c 1i = 1, c 1k for i + 1 ≤ k ≤ n and c ik for 2 ≤ k ≤ n and k = i. Thus there are in total p (m−1)(n−2) (p − 1)p 2n−i−2 different components associated to such C with c 1,i = 1. Letting 2 ≤ i ≤ n vary, a total number of
connected components is obtained for this case.
By adding the contributions from case 1, case 2 and case 3 the recurrence equation
is obtained as claimed.
Commuting elements in G m,p modulo conjugation
In this section the space Rep(Z n , G m,p ) of commuting elements in an m-fold central product of SU(p) modulo conjugation is studied. In this case the situation simplifies dramatically and a complete description is given.
To begin, note that if G is a connected Lie group, then the quotient map
In particular, by Theorem 3.1 the space Rep(Z n , G m,p ) has N(n, m, p) connected components, thus it is only necessary to describe the nature of these components.
In general, if G is a compact, connected, simple and simply connected Lie group, then the spaces Rep(Z n , G) are determined by the geometry of G as was shown in [6] . More precisely, fix T ⊂ G a maximal torus of G and take ∆ a set of simple roots for the root system Φ associated to G and T . Given an almost commuting n-tuple x = (x 1 , ..., x n ) in M G (C) = AC G (C)/G, there exists a unique subset I ⊂ ∆ such that a the maximal torus of Z G (x 1 , ..., x n ) is conjugate to S I , where S I is the torus in G whose Lie algebra is
Moreover, the subset I = I(x) is locally constant on B n (2, G, Z(G))/G. For each antisymmetric matrix C with entries in Z(G), let M I G (C) be the subspace of M G (C) whose elements are the n-tuples x for which I(x) = I. By [6, Theorem 2.3.1], there is a homeomorphism
.
is the subspace of M L I (C) of n-tuples x for which Z G (x) has rank 0 and W (S I , G) is the Weyl group of the torus S I . Therefore, the space Rep(Z n , G) is a disjoint union of spaces of the form (S
On the other hand, if G is a compact connected Lie group, the mapφ n defined in (6)
is G-equivariant, where G acts by left multiplication on the G factor of G × T n and by conjugation of Hom(Z n , G) (1,...,1) . On level of orbit spaces,φ n induces a homeomorphism
As it was shown before, for the case of G = G m,p there is a decomposition
Each Hom(Z n , G m,p ) C is invariant under the action of G m,p and thus we have a similar decomposition for the space Rep(Z n , G m,p ), namely
On the other hand, if C ∈ T (n, ∆(Z/p)) is an antisymmetric matrix different from C 1 , then in Theorem 3.1 it was proved that Hom(Z n , G m,p ) C is a union of connected components all homeomorphic to SU(p) m /(Z/p m−1 × E p ) and that G m,p acts transitively on them. In other words, each connected component of Hom(Z n , G m,p ) C represents a point in Rep(Z n , G m,p ). This proves the following theorem. where X n,m,p is a finite set with N(n, m, p) − 1 points.
The component of the identity can be described more explicitly as follows. Σ p acts on (S 1 ) p−1 as the Weyl group of a maximal torus in SU(p). Then the product (Σ p ) m acts on the product (S 1 ) (p−1)m , and therefore diagonally on the product (S 1 ) (p−1)mn . For example, if p = 2, the action of (Σ 2 ) m on (S 1 ) m is simply given as a product of the complex conjugation action, and this is extended to a diagonal action on ((S 1 ) m ) n .
Commuting elements in P U(r)
In section 3 it was shown that Hom(Z n , G m,p ) has N(n, m, p) connected components of which N(n, m, p) − 1 are homeomorphic to SU(p) m /((Z/p) m−1 × E p ). In particular, when m = 1, this shows that Hom(Z n , P U(p)) has (p n − 1)(p n−1 − 1) p 2 − 1 + 1 components of which (p n − 1)(p n−1 − 1) p 2 − 1 are homeomorphic to SU(p)/E p ∼ = P U(p)/(Z/p) 2 . In this section the case of commuting elements in P U(r) is considered when r is not assumed to be a prime number.
In general the space Hom(Z n , P U(r)) can also be studied by the considering the almost commuting elements in SU(r). As before there is a covering space sequence (Z/r) n → B n (2, SU(r), Z/r) → Hom(Z n , P U(r)) and there is a decomposition into subspaces that are both open and closed B n (2, SU(r), Z/r) = C∈T (n,Z/r) AC SU (r) (C).
In the case that r is not prime, the situation is more complicated. For example when n = 2, the conjugation action of SU(r) on AC SU (r) (C(c)) is not longer transitive, unless c is a generator of the the cyclic group Z/r. Therefore the space Hom(Z n , SU(r)) has in general more connected components that have orbifold singularities. In particular, for n = 2 there is the following proposition.
Proposition 5.1. The space Hom(Z 2 , P U(r)) has r-connected components. Of these ϕ(r) are homeomorphic to P U(r)/(Z/r) 2 .
Proof: As before, the space B 2 (2, SU(r), Z/r) can be decomposed as follows 
